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Abstract 

In this paper we show that a free electromagnetic field living in Minkowski 
spacetime generates an effective Weitzenbock or an effective Lorentzian 
spacetime whose properties are determined in details. These results are 
possible because we found using the Clifford bundle formalism the notice- 
able result that the energy-momentum densities of a free electromagnetic 
field are sources of the Hodge duals of exact 2-form fields which satisfy 
Maxwell like equations. 



1 Introduction 

In this paper we determine an effective Weitzenbock [(Af, g, V, t, Tg)] space- 

g 

time and an effective Lorentzian [(Af, g, _D, |, Tg)] spacetime determined by a 
free electromagnetic field F € sec A T*M configuration living on Minkowski 

spacetime [{M,ri, D,1 ,Ttj)] and satisfying Maxwell equation $ F = 0. The 
determination of these effective spacetimes become easily feasible because us- 
ing the Clifford bundle formalism we found that the energy-momentum densi- 
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ties 7^ G sec A 'r*M of the Maxwell field are sources of exact 2-forms fields 

A 2 
T*M (which we explicitly identify) and which satisfy Maxwell like 

equations rfVV^ = 0, = —T^ in Minkowski spacetime. Our results depends 

crucially on the Riesz formula 7^ = ^F'&g^F , which, of course has meaning only 
in the Clifford bundle formalism. We identify g = h*?/ as a metric field on M 
generated by a diffeomorphism h : M ^ M associated with a distortion in the 

Minkowski vacuum caused by ^ € scc/\ T*M {F = dA). In the case of the 

effective Weitzenbock (teleparallel) spacetime we give the explicit form for the 

torsion 2-forms 6* and show that their sources are = h*T*, more precisely, 

* = — ★ T*. In the case of the effective Lorentzian spacetime we give the 
g g 

explicit forms of the Ricci 1-form fields TZ^ E sec/\ T*M which can also be 
expressed in terms of the Hodge Laplacian and covariant D'Alembertian of the 
g-orthonormal cotetrads {9^}. The explicit formulas for the TZ^ for our problem 
gives in one sense an minified theory of the gravitational and electromagnetic field 
in the sense of the Rainich-Misner- Wheeler theory. The details of the present 
paper are as follows. In Section 2 we present Maxwell equation in the Clifford 
bimdlc Ci{M,ri), prove Riesz formula = ^Fi)^F and obtain the Maxwell 
like equations $ W = T'^. In Section 3 we derive the effective Weitzenbock 
(teleparallel) spacetime generated by F and in Section 4 we derive the effective 
Lorentzian spacetime generated by F. In Section 5 we present our conclusions. 
The paper has several Appendices^ . Appendix A recalls the definition of Clifford 
bundles. In Appendix A.l the Clifford product is introduced and we present 
several Clifford algebra identities necessary to follows the calculations. Next in 
Appendix A. 2 we introduce the definition of the Hodge star operator associated 
with the metrics r] and g =h*r/ and show to calculate each one it using Clifford 
algebra methods and also how they are related. The important notion of the 
Dirac operator associated with a given Levi-Civita connection of a metric field 
is introduced in Appendix A. 5. 



2 Maxwell Equation 

We start this section by recalling that Eq.(77) of Appendix permits us to write 
the Maxwell equations 

dF = 0, 5F = -J (1) 

for F G sec A T*M ^ sec C?(M,ry) living in Minkowski spacetime as a single 
equation (Maxwell equation), 

$ F = J. (2) 

Next we investigate a noticeable formula which can be written only in the 
Clifford bundle formalism and which is essential for all our developments. 

^If they are not enough for completely intelligibility of the paper, please consult [8]. 
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2.1 The Noticeable Riesz Formula % = \F^s.F 



We now prove that the energy-momentum densities ★T^ of the Maxwell field can 
be written in the Clifford bundle formalism as^: 



★Ta = i * [F'd^F) Gscc/\T*M ^ sec Ce{M, rj). 
To derive Eq.(3) we start from the Maxwell Lagrangian 

2 V 



(3) 



(4) 



where F = ^F^^d'' A := ^F^b^""^ e scc/\ TM ^ secCi{M,T]) is the 
electromagnetic field. Now, denoting by 6 the variational symbol'^ we can easily 
verify that 



V V 



Ap 
T*M 



sec C£{M,ri) we have 



[5, *\Ap = S-k Ap - *SAp 



(5) 



= 5'd^ a[ -d^j-kAp 



Multiplying both members of Eq.(5) with = F on the right by FA we get 
F AS-kF ^ F A *SF + FA {S^'' A {^^j * F) - *[S^'' A {^e^jF)]}. 



Next we sum SF A ★F to both members of the above equation obtaining 

V 



SIFA ★F ) = 26F A*F + S^^ A [FA (t?aJ * F) - i'&e.^F) A ★F]. 

\ '1 J V V V V V 

Then, it follows (see, [8, 7] for some details) that if* 6^^ = —£^'d^, for some 
diffeomorphism generated by the vector field ^ that 

F A (t?a-l * F) - (l?a-li^) A TtF . 
vv n ri _ 

■^The formula 7^ = ^F^e,F has been first obtained (but, not using the algebraic derivatives 
of the Lagrangian density) by M. Riesz in 1947 [6] and it has been rediscovered by Hestenes 
in 1996 [1] (which also does not use the algebraic derivatives of the Lagrangian density). 
Algebraic derivatives of homogenous form fields has been described, e.g., in Thirring's book 
[9]. 

^Please, do not confuse the variational symbol S with the symbol <5 of the Hodge coderiv- 
iative. 

denotes the Lie derivative in the direction of the vector field ^. 



djC„ 
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Now, 

i^^jF) A = - ★ [{^^jF)jF] = -[{^^^F)^F]t, 
and using also the identity [8] 

(7?a-li^) A ★F = 1?a(i^ ' -F')r„ -FA (t?aJ * F). 

we get 



r7 r; 77 



I?a(F • F)Tr, - (l?ajF) A *F - (t^ajF) A *F 

\[k{F ■ F)Tr,-2{d^^F) M.f\ 

1 ■ F)Tr, + 2pajF)jF]Tj 

2 y 7} V V ) 



where in writing the last line we used the identity 



IrFnF = (njF)jF + in(F • F), 
2 ?? I? 2 



(6) 



whose proof is as follows: 



{n^F)^F + ln{F-F) = l 
v n 2 n 2 



{njF)F - F(njF) 



-n{F ■ F) 
2 V 



= - nFF - FnF - FnF + FFn + -n(F • F) 
4 2 r; ' 



-iFnF+i 

In(F^F) 



-2n(F • F) + n(F A F) + (F A F)n 



= -^FnF - ln{F ■ F) + A {F A F) + in(F • F) 

Z Z J? z Z J? 

1 1 - 

= — FnF = -FnF. 

2 2 

valid for any n e sec f\T*M ^ secCl{M,ri) and F e sec f\T*M ^ 
sec Ci{M, 77). 

For completeness and presentation of some more tricks of the trade we detail 
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the proof that ■ = lb ■ "d^. 

ri z v 2 n 

n 2 

= -((FLl?a)(i^L0b) + {FL.^e.){F A 1?b))0 

V V V 

+ liMF ■ F)^b)o - l{MFAF)^b)o 
2 v 2 

= -{{F^K){F^K))o + ^{{F ■ F)(^a • t?b))o 

= -(FLl?b) • (FLl9a) + liF ■ F){'db ■ ^a) = % ■ K- 

Note moreover that 

Tab = Ta • l9b = -V^'F^^Fbi + ^FedF^^'^ryab, (7) 

r) 4 

a well known result. 

Of course, for the free electromagnetic field we have that d-kT^ = 0, which 

is equivalent to 5T^ = — ^aT^ = 0. Indeed, observe that 

^aT^=^J-{F^^F) 

V 2 

= (Fa?-£>e.F))o, (8) 

where we used that $ F = 0. Now, 

(p'&'^De^F'j = ^Fl^'^Deb-P)^ + I?'' l^F^'^De^P'^^ 

= (^Fii^De^FJ^ +-3^ A ^F7?^Z)eb^)^ (9) 

+1?*^^ {|F^?«£>eb^)g + I?*" A (^F'&^De^F^^ . 

Then 

(^b (^F^^D^^p^)^ = ^b^ ^F^«£)eb^)^ = (Fi^^D^^f)^ l.^^ 

= (^F^^De^F^^)^ 

= (Fr($F))o = 0, 
where we used the symbol ($F) := D^^F'd^ and the fact that = 0. 
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2.2 Enter New Maxwell Like Equations dW^ = 0, 5W^ = 

Let ★T* = i * {F'd^F) e sec /\^T*M ^ sec«(M,r?) be the energy-momentum 

») ») 

densities of a free electromagnetic field configuration F e sec /\^T*M ^ sec C£{M, rj) 
{^F — Q). As we already know, we have 

-5T^ = $jT^ = 0. (10) 

Eq.(lO) which is equivalent to d-kT^ = Q and since we are in Minkowski space- 
time there must exist € sec I^T*M ^ sec C£{M,r]) such that 



-T^= JW'^ (11) 
I? 

We claim that 
Proposition 1 

= dV^, (12) 
= -i(At?M + X'') (13) 

where A is the electromagnetic potential {dA = F), and e sec /\^T*M ^ 
secC£{M,r]) and 

dX^ = -2^^ J (A^^De^A)^ + 2B^, (14) 

with 

^{A'd''F)f, = 9^B^. (15) 

Proof: To prove the proposition we first note that 

A'd'^A = I'd'' ■ A]A + A A A) 
} " { 

= 1 1)^ ■ A] A + Aj{'d'' A A) + A A {-d^ A A) , 

\ »7 / ri 

and since A A 'd'^ A A = we have 

A^'^A = Ai}"! = (^Ai^^A^^ . (16) 

Then 

d (^A^^aJ = d = $A {A^^A)^ =^^A {D^^ {A^^A))^ (17) 

[d^D^^A) ^^A + ^^A'd^D^^A^^ . 
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But 

t A I^A'd^D^^A^^ = (^^""A^^D^^A^^ - (^A-d^D^^A^^ = - l^A^^D^^A^ ^ A -d^ 



3 

= -(Ad^F''J +(a§^D^^A'J ^^"^ = {A^^F)^ + (a^^D^^A^ l^?"^ 

(18) 

Then from Eq. (18) we can write Eq. (17) as 

d {A^^A) = 2 {{A^^) F)^ + 2d^j {A^^De^A)^ (19) 

and then 



= - ^d{A^^A + X^) = ~ {Ad^F)^ - (20) 

Wc now verify that 5W = -T"^. Indeed, since {d'^ {Ai'}'^{D,^F))i)i = = 

•n 

{'d^ {{Df.^F)^^A)4)i , taking into account the last identity in Eq.(56) we can 
write 

SW^ = - ^^W' = ((Ai9-) F)^ + I $^B- = \ (^(Ai9«F))^ - \ ${{Ad-F))^ + \ ^^B^ 
= i(Fa?-F), + i(^''A^-(De,F))^ 

= \ {F^^F), + 1 {^''{A^^{D,,F))o + i?b(At?-(£>e,i^))2 + ^"'{A^^iD^.F))^)^ 

= -^F^^F + i (a?b(i)e^F)^?M)^ = -^F^^F + ^ (($F)^M)^ 

= -^F-ff^F. (21) 

Finally note that from Eqs. (12) and (21) we can write (W = dT'' = -jd {A^'^A + X"") 
and F = dA) 

dW^ = 0, SW^ = -T^, 

or (22) 

and we get the non trivial result that the 2-form fields (a =0, 1, 2, 3)describing 
the energy-momentum propagation satisfy Maxwell like equations $ = 
with sources being the energy- momentum 1-form fields T*. 
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3 The Effective Weitzenbock Spacetime Gener- 
ated by F 

First we recall some results of [3, 7, 8] where we showed how effective Riemann- 
Cartan spacetimes can be generated by the presence of distortion fields which 
arises from diffconiorphisms h: M M . Here we investigate a particular diffeo- 
morphism h associated with the electromagnetic potential A e sec T*M ^ 
secC£{M,ri) {F = dA) by 

g = h*77, (24) 

g = rj^^^e" (g>9^ G sec T^M. (25) 

Now, the metric of the cotangent bundle associated with g is g G sccTqM 
and we have g{6^,6^) — rj'^^. Associated with g there exists an extensor field 
[8, 2] h : sec /\^ T*M — > sec /\^ T*M such that the extensor associated with g 
is g =h'^ : sec T*M — > sec T*M and we have 

g(6»^, 9^) = r • 6''^ = /i(6»^) • h{0^) (26) 

= h{h.*r^) ■ h{h.*r^) = T]^^. (27) 

V 

Modulus a Lorentz transformation we can take /i(h*r") = i?^, i.e., 

h-\'d'^) =11*^^ = 9^. (28) 
Now we return to Eq.(12) , i.e., = dF" and write: 

h*W^ = h*rfF^ = rfh*F*. (29) 

Calling 

e'' = h*W^Gsec/\V*M 
we can write the last equation as 

de^ = e^. (30) 

Now, recall that for any cOp G sec f\^T*M , if g = h.*r] it holds that (see, 
e.g., [8]) 

★(h*Wp) = h*(*a;p), (31) 

then, returning to Eq.(ll), equivalent to rf* = — ★T* we can write 

d^ih*^) = -h*(*r'^) = - * (h*T^). (32) 
g »? g 

Calling 

= h*T^ e sec /\^ T*M (33) 
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the deformed energy- momentum 1-form field we have d -k = — ★ or equiv- 

g g 

alently 

SQ^ = -T^. (34) 
g 

We summarize the above results in the following : 

Proposition 2 A free electrom,agnetic field F G sec /\^ T*M living in Minkowski 
spacetime structure {M, r],D,^, Trj) and satisfying Maxwell equation dF = gen- 
erates an effective Weitzenhock (or teleparallel) geometry , i.e., a teleparallel 
spacetime (Af, g, V, t, ig) where g = h*rj, Vg = 0, and the torsion 2-forrn,s 0"* 
are given by Eq.(30) in the teleparallel g-orthonormal cobasis {9^}- Moreover 
the torsion 2-form fields in this theory propagate, i.e., satisfy Maxwell equations 

de^ = 0, 6Q'^ = -T'', (35) 
g 

with the surprising result that the sources of the are the energy-momerntum 
1 -form fields. 



4 The Effective Lorentzian Spacetime Generated 
by a Free Electromagnetic Field F 

s 

We now introduce an effective Lorentzian spacetime (M, g, _D, f, Tg) as follows. 
We know that for an electromagnetic field the trace of the energy-momentum 
tensor is null, i.e., = 0. It follows that with g =h*r/ as defined above we have 
that the trace of T'^ ~ h*T^ is also null. Then since the Einstein equations can 
be written (see, e.g., [8, 3]) as 

★7^''- ii?*6'^ = -★T^ (36) 
g 2 g g 

where W = R^O^ e sec T*M ^ C£{M, g) are the Ricci 1-form fields and 
iZ = i?a is the scalar curvature, which for the present case is null since R = 
-T- = 0. 

Then, we have that 

★7l* = -*T^. (37) 

g g 

Using the fact that d * O'^ = — -k T'^ (where now. of course, we arc not 
g g 

interpreting the Q'^ as 2-forms of torsion of a teleparallel connection) we get 

■k'R^ = d-kQ^, (38) 
g g 

or equivalently 

5Q^ = (39) 
g 
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Moreover recalling that the Hodge Laplacian is = —{dd + 5d) we have^ 

g g 



-09^ - dse" 



(40) 



or taking into account Eqs. (23), (37) (33) we end with 

09^ + dSe"" = i ★ {h*(F^^F)) . 

g 2 g 

We summarize the above results in the following 

Proposition 3 A free electromagnetic field F G sec /\^ T*M living in Minkowski 

spacetime structure (M, rj, D, f , r^,) and satisfying Maxwell equation $F = gen- 

g g 
erates an effective Lorentzian (M, g, D, |, Tg) where g = h*ri, Dg = 0, such that 

the dual of the Ricci 1- forms are exact differentials, i.e., -kTZ^ = —d-kO^. More- 

g g 

over, we have 

TV = -09" - d59''. (41) 
g 

Remark 4 Eq.(41) is the condition that the Ricci 1- form fields in a Lorentzian 
spacetime modelling a gravitational field must satisfy in order to describe an 
electromagnetic field propagating in a Minkowski spacetime. We then arrive in 
a kind of already unified theory as in the Rainich-Misner- Wheeler theory. 

Remark 5 Recalling that we can write 



- *TZ^ = d* S" + -kt" ^ ^T" 
g g g g 



(42) 



where^ 



i^t" = --Wab A [wS A k{9^ A 9^ A e"^) + A *{9^ A 9"^ A 9")], 
g 2 g g 

★.S'^ = iwab A ^9"" A 9^ A 9"). 
g 2 g 



(43) 



with u'^'^ G sec /\ T*M ^ sec Ce{M,g) given by 



e'^^d9'' - 9''jd9'^ + 9"^ ( e'^^d9^ 9" 



(44) 



which recalling that 9" = h*r* and that [8] h.*cOp_ih*u)k = h*(a;„jw/c) for any 

s V 

AP k k 

T*M, ujk G sec A T*M can also be written as 



,cd 



-h* 
2 



r'^jdr'= - VjdT'^ + r-^j ( r'^jdr^ ] r 



(45) 



^We mention also that the Ricci 1-forms may be written in terms of the Ricci operator () 
6 See, e.g., [10, 8]. 
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Using Eq.(23) we can rewrite Eqs.(43) as 



i^t" = -i^ab A [wli A *{9'' AO^ A 0'^) + A *{0^ A 6'^ A 6''=)] 
g 2 g g 



4- 



T) ?7 V »7 



rdjdr<= - T^jdYd + r'^j r '^^dVp ] rp 

n n V \ V 



Ah* 

Ah**(r'^Ar'"Ar<^) 



+ -Ah* 



Td^dT^ - T^^dTd + r'^j ( r '^jdTp ] TP 



Ah** (r^ A r'' A r^), 



i.S'' = -h* 
g 4 



Fb-irfFa - Tajdrb + Ta-i Tb^dTp rP 



Ah**(r''Ar'' AT'*). 



(46) 



Finally taking into account that -kf^ = ^h**^^ = h* -k and ★.S'^ 

g g 1 g 



★h*S'^ = h* ★ S%[ we get 



rbjrfFa - Tajrfrb + TaJ Tb->dTp rp 



A 



Fdjdr'^ - r'^jdrd + r'^j ( r '^^dr^ ] rp 



A ★(r'' A r'' A r"^) 



Td^dT^ - T^jdTd + T^J [T '^^dVp] 

n V ^ \ ^ / . 



A ★(r'^ at'' AT'*), 



— 



Fb-ldra - Tajdrb + Ta-I Tb-lrfFp TP 



A*(r'" AT*' AT'^). (47) 



To end we recall that since = we also have d-kt^ = 0. Then, in our 

g g 
theory the are also superpotentials for the gravitational field described by 

the tetrad fields {61*}! 



5 Conclusions 

In this paper wc proved using the Clifford bundle formalism that the energy- 
momentum densities ★T'* = ^ * (Fd'^F) of a free electromagnetic field F living 

on Minkowski spacetime are sources of exact 2-forms which satisfy Maxwell 
like equations dW^ = 0, d-kW^ = -kT^. Which this noticeable result we show 

that the free electromagnetic field may be interpreted as generating a (teleparal- 
lel) Weitzenbock spacetime [(M, g, V, t, Tg)] or an effective Lorentzian spacetime 
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[(M, g, £), t,Tg)], whose properties are determined with details. In both struc- 
tures the metric g =h.*ri where h : M — > M is a conformal difFeomorphism 
given by Eq.(24). 
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A Clifford Bundles 

Let (M, r], D, Tr,, t) be Minkowski spacetime. (M, -q) is a four dimensional space 
oriented (by the volume form r^) and time oriented (by the equivalence re- 
lation t, sec [8]) Lorcntzian manifold, with M ~ and 77 G secT2M is a 
Lorentzian metric of signature (1,3). T*M [TM] is the cotangent [tangent] 
bundle. T*M = U^^mT*M, TM = U^^mT^M, and T^M ~ T*M ~ K^'^, 
where K^'"^ is the Minkowski vector space . D is the Levi-Civita connection of 
r], i.e., Dt] = 0, R(£)) = 0. Also &{D) = 0, R and 9 being respectively the 
torsion and curvature tensors. Let ry G sec TqM be the metric on the cotan- 
gent bimdle associated with rj E sec TjM. The Clifford bundle of differential 
forms a{M, rf) is the bundle of algebras, i.e., C^(M, rj) = VJ^(.MCi{T*M), where 
Vx G M, C£{T*M) = Mi^3, the so called spacetime algebra. Recall also that 
Ci{M,ri) is a vector bundle associated with the rj- orthonormal frame bundle 
Pso^i3j(^,??), i-e., (X{M,r]) = Pso+^i,3){M) Xad^i,3 (see more details in, e.g., 
[5, 8]). For any x G M, Ci{T*M) is a linear space over the real field M. More- 
over, Cf.{T*M) is isomorphic to the Cartan algebra /\T*M of the cotangent 
space and /\T;M = J2t=o /\''TxM, where T^M is the (^) -dimensional 
space of fc-forms. Then, sections of (2'(M, r]) can be represented as a sum of non 
homogeneous differential forms. Let {x^} be coordinates in Einstcin-Lorcntz- 
Poincare gauge for M and let {e^ = d/dx^^} e sec FM (the frame bundle) be 
an orthonormal basis for TM, i.e., 77(6^,6^) — 77^^ = diag(l, — 1, — 1, — 1), Let 
= dx" e sec /\^T*M sec C?(M, 77) = 0,1,2,3) such that the set {7'"} 
is the dual basis of {e^}, and of course, rjil'^^l'^) — = diag(l, —1, —1, — 1). 
We introduce moreover the notations 1?* = d^dx^^ and ea = i^a aff^- that 
[eg] is a section of the orthonormal frame bundle Psof {M, rj) and its dual ba- 
sis {i?**} is a section of the orthonormal coframe bundle (denoted Psof (Af, ??))• 

A.l Clifford Product 

The fundamental Clifford product (in what follows to be denoted by juxtapo- 
sition of symbols) is generated by e^O'^ + 6^9^ = 2r]^^ and if C G (X{M, rj) we 
have 
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C = S + V^0^ + ^feab^"^'' + ^aabc^"^''^" + PO'' , 



(48) 



where t,, := 9^ = 9^6^9^9^ = dx^ dx^ dx^ dx^ is the volume element and s, Vg,, 
Oab, dabc, P € SeC /\°T*M ^ secCX(M, ry). 

Let A,e secAT*M ^ sec«(M, r?), G sec /\^T*M ^ seca{M,r]). For 
r = s = 1, we define the scalar product as follows: 

For a,6 e sec /\^T*M ^ sec Cf(M, 77), 



a ■ b = -{ab + ba) = r](a, b). 
We define also the exterior product (Vr, s = 0, 1, 2, 3) by 

A Bg — (./4^Bg)^^s, 

^^A6« = (-1)''"S, AA, 



(49) 



(50) 



where {)k is the component in /\ r*M (projection) of the Clifford field. The 
exterior product is extended by hnearity to all sections of C^(M, 77). 

For Ar = ai A ... A ttr, Br = bi A ... A br, the scalar product is defined here 
as follows, 

Ar ■ Br = {ai A ... A Or) • (6i A ... A br) 

77 ri 



ai ■ bi .... ai ■ br 



ttr ■ bi 



(51) 



We agree that if r = s = 0, the scalar product is simple the ordinary product 
in the real field. 

Also, if r 7^ s, then Ar • = 0. Finally, the scalar product is extended by 
linearity for all sections of Ct{M, rj) . 

For r < s, Ar = ai A ... A a^-, Bs = bi A ... A 6s we define the left contraction 

by 

L : {Ar,Bs) ^ Ar-iBs = V €'^--'''{aiA...Aar)-{b. A...AbiXK+i'^-'^K 

ii <-.. <ir- 

(52) 

where ~ is the reverse mapping (reversion) defined by 



^: sec f\T*M 9 ai A ... Aapi->- UpA ... A ai 



(53) 



and extended by hnearity to all sections of (X{M,r]). We agree that for a,/3 G 
sec/\^ T*M the contraction is the ordinary (pointwise) product in the real field 

and that if a G sec/\°T*M ^ Ce{M,r]), Ar G sccf\'T*M ^ Cf\M,rj), 
Bs G sec f\'T*M ^ a{M,r]) then {aAr)-iBs = Ar-i{aBs). Left contraction 

77 ri 
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is extended by linearity to all pairs of elements of sections o{C£{M,ri), i.e., for 
A,B€ seca{M, ri) 

AjB = y r<s. (54) 

r,s 

It is also necessary to introduce the operator of right contraction denoted 
by L. The definition is obtained from the one presenting the left contrac- 
tion with the imposition that r > s and taking into account that now if 
Ar G secAT*M ^ a{M,r]), Bs e sec /\'T*M ^ a{M,r]) then Ar^{aBs) = 

{aAr)i-Bs. 

V 

The main formulas used in the present paper can be obtained (details may 
be found in [8]) from the following ones (where a e sec /\'T*M ^ sec a{M, rj)): 

aBs = a-iBs + a A Bs,Bsa = Bgt-a + Bg Aa, 

ri ri 

a^Bs = l-{aBs - (-l)'i3,a), 
V 2 

Ar^Bs = {-ly^'-'^^Bs^A, 

V 

aABs = ^{aBs + {-iyBsa), 

ArBs = {ArBs)\r-s\ + {ArBs)\r-s\+2 + ■■■ + (A-Ss)|r+s| 

m 

l+2fc 

Ar ■ Br = Br ■ Ar = Ar -iBr = Arl.Br = {ArBr)o = {ArBr)o, (55) 



{AB)r = {-iy^'-^^/^{BA)r, 

{ArB,)r = {B,Ar)r = (- l)^^^-^)/^ A)r, 
{ArBsCt)g = {-ir{CtBsAr)g, 

e = ^{q'^ +r'^ + s"^ +t'^ - q-r - s-t) (56) 

A. 2 Hodge Star Operator ★ 

Let ★ be the Hodge star operator, i.e., the mapping 

k i-k 



* : f\T*M /\ T*M, Ak ^ *Ak 



where for Ak e sec A'' T*M ^ a{M, rj) 



[Bk ■ AkVr, = Bfe A -kAk, \/Bk € sec A T*M ^ secMM, tj). (57) 

n 71 ' » 
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= 6^ G /\^T*M is a standard volume element. Then we can verify that 

*Ak = AkTr, = Ak9^. (58) 

A.3 C£(M, r/), C^(M, g), h and h 

A.3.1 Enter h 

In this section h is a diffeomorphis h : M — > M, e i— > he such that if h*r* = 6^ 
and if 77 e secT^'M then 

g = h*r; = r7ab^"®^*', (59) 
where {6^} is the g-orthonormal cobasis used in the main text. 

A.3.2 Enter h 

Consider the Clifford bundles of nonhomogeneous multiform fields C£(M, 77) and 
C£{M,g). In C£{M,r]) we denoted the Clifford product by juxtaposition of 

symbols, the scalar product by • and the contractions by j and l and by ★ we 

denote the Hodge dual. The Clifford product in C£{M, g) will be denoted by 

the symbol V, the scalar product will be denoted by • = • and the contractions 

e 

by J and l while by ★ we denote the Hodge dual operator associated with g. 
g g g 

Let {ea} be a non coordinate basis of TM dual to the cobasis {0^}. We 

take the 6'^ as sections of the Clifford bundle Ce{M, rj), i.e., 9^ e sec T*M 
SKcCi{M,ri). In this basis taking into account Eq.(59) that g € sccTqM is 
given by 

g = rj^^ee. (8) eb. (60) 
The cobasis {1?*} defines a Clifford product in C£{M, r]) by 

^a^b ^ ^b^a ^ 2rf^, (61) 

and taking into account that the cobasis {6^^ defines a deformed Clifford prod- 
uct V in C£{M, m) (see details in [8]) generating a representation of the Clifford 
bundle C£{M, g) we can write 

e^ve^ + 9^V9^ = 2rf^. (62) 
Then, as proved, e.g., in [8] there exist (1, l)-extensor fields g and such that 
g(6l^, 9"°) = r • 6'*' = r . g{0'°) = h{0'') ■ h{0^) = ri'^'°. (63) 

Ai .1 
T*M — > sec A T*M is defined (mod- 
ulus a Lorentz transformation) by 

h{9'') = (64) 
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A.3.3 Relation Between h and h* 

Introduce coordinates functions {y^} in the Einstein-Lorentz-Poincarc gauge 
for M such that y'^ = x'^ (where the {x^} are the coordinate functions in the 
Einstein -Lorentz-Poincare gauge already introduced above). Put 

y^(he) = x^(he) = y". (65) 

If = h.'^{x'') is the coordinate expression'^ for h , the coordinate expressions 
of T] at he and g at e can be written as: 

vL^Ve.hS^Syy^^dy", ^ g^.dx'' ® dx" . (66) 

Since h.*7]{S^d/dx'',S^d/dx'')\^= r]{6^h^d/dx'',S^Kd/dx'')\^^ we have 

g = h*^ = n.^Sl5^,^^dx^ ® dx'^ (67) 

with 

9.^=V..S^jf£S. (68) 

Now, take notice that at e, {fa}, fa = S^h.-'^d/dy^' = S^^-£^ is not (in 
general) a coordinate basis for TM. It is also not 77-orthonornial*. The dual 
basis of {fa} at e is {a'^\J, with cr^|^ = S^^dx" = h*{S^dy''\^^). Then it 

exists an extensor field h differing from ft by a Lorentz extensor, i.e., h = hA 
such that cr^lj = h~^{5^dy^)\^ = h~^^dy'^\^, where, we have for any e e M, 

To determine h we proceed as follows. Suppose g = ?7abO''* (8) cr*' is known. 
Let {vi,Xi) be respectively the eigen-covectors and the eigenvalues of g, i.e., 
g{vi) = XiVi (no sum in i) and {^?'*} the r/-orthonormal coordinate basis for 
T*M introduced above. Then, since g = 0^ = h? we immediately have 

Kvi) = V\Mr]{vi,'d^)'d^, (70) 

which then determines the extensor field h (modulus a local Lorentz rotation) 
at any spacetime point, and thus the diffeomorphism h (modulus a local Lorentz 
rotation). 

A. 3. 4 Relation Between 7*r and ★ 

g 

If 5 = /i^ we have that [2, 8] for any e sec /\T*M 

•kbJp = h -khtOp, (71) 
g ri 

where h is the exterior power extension of h. 

^Recall that the h'' are invertible differentiable functions. 
^Indeed, »j(ea,eb) = S^S^^^nc^g- 
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A. 4 Dirac Operator acting on Sections of a General Clif- 
ford Bundle Ci{M, g) 

Let d and S be respectively the differential and Hodge codiffcrcntial operators 
g 

acting on sections of sec l\^T*M sec C£(M,ry). If Ap G sec /\^T*M ^ 

secC£{M,g), then 6Ap = (— 1)^*^^ d*Ap, with ^^^-k = identity, 
g g g g g 

The Dirac operator acting on sections of Ci{M, g) is the invariant first order 
differential operator 

d = 6^K^, (72) 

g 

where D^^ is the Levi-Civita connection of g. 

g 

A. 4.1 Useful Formula for Calculation of D^^A 

The reciprocal basis of {9^} is denoted {^a} and we have 9^ ■ 6b = r^ab (??ab = 

g 

diag(l, -1, -1, -1)). Also, 

kj"" = -ojtO" = -c^^^c, (73) 
with 0;^*= = -UJ^^, and uj]^" = r]^^uj]^i'n''\ Wabc = '7adWbc = -Wcba- Defining 

Wa = ^Wa'^^b A 6'c e sec f\T*M ^ secCt{M, g), (74) 
we have (by linearity) that [5] for any A € sec l\T* M ^ secCl{M,g) 

D^^A = d^^A+\[io^,A], (75) 
where 9=, is the Pfaff derivative^ 

A. 5 Dirac Operator d = d— 6 

g 

Using Eq.(75) we can easily show the very important result: 



dvA = dAA+ d^A = dA- 6 A, 
g g 

dAA = dA, djA = -SA. (76) 
g g 

Remark 6 We will use the symbol $ for the Dirac operator acting on sections 
of Cl{M, rj) over Minkowski spacetime. In this case we have with {Cg} a rj- 
orthonormal basis and {'d^} its dual basis (as defined above) 



5E.g.,if A= iAi,...i^0'i...e 'f then SeaA = ^[ea(Ai,...iJ]e'i 
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= ^AA + ^jA = dA- SA, 



^aA = dA, ^jA = -6A. 

■q 77 



(77) 
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